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Let A = C;zGO A,, be a graded algebra over a base field k of charac- 
teristic zero. We assume that A is finitely generated over k, and that the 
homogeneous components A,,, of A arc finite dimensional over k. Let G be 
a finite group and let 
CC: g -+ cr(g) E Aut(A) (1) 
be an action of G on A by (graded k-algebra) automorphisms. For con- 
venicnce we will assume G acts faithfully on A. 
Let AG = C, = 0 A: be the subalgebra of G-invariant elements in A. The 
ciassical results of HiIbert tell us AC is finitely generated over k, but A” is 
notoriously difficult to describe precisely. The purpose of this note is to 
demonstrate a simple regularity property of AC. 
Suppose A is an integral domain. Also suppose, for simplicity, that 
g.c.d.{m: A,,# (0)) = 1. (2) 
Let PKc G be the subgroup of G which acts by scalars on each A,. 
PK= (x E G: a(x)(a,) = x,,(x) al,, for appropriate x,,(x) E k”, 
all m>O, and all a,,,~ A,]. (3) 
Then 
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is a character of PK. and 
XmXn=Xm+n (whenever A, # (0) #A,,). (4b) 
Since we are assuming G acts faithfully, the intersection of the kernels of 
the x,,,‘s is zero. Since the roots of unity in any field form a cyclic group 
[W, Chap. 1, Sect. 1 ] it follows that 
(a) PK is cyclic. 
(b) The map m -+ xrn is a homomorphism, for sufficiently large I, 
from the semigroup Z,+ of integers larger than I > 0, to 
(PK) li ; this homomorphism is onto. 
(5) 
(c) If A, # {0}, then x,,, is the trivial character of PK 
if and only if m is divisible by #(PK), the order of PK. 
THEOREM. In the context of the previous paragraph, we have 
(a) A:= (0) tf m is not divisible hy #(PK). 
(b) If #(PK) = c, then lim ,,,,(dim AC/dim A,.) = l/#(G/PK). (6) 
Remarks. (a) If one thinks of A as the coordinate ring of an 
irreducible projective variety X, then G acts as automorphisms of X, and 
A” is the coordinate ring of the quotient variety X/G. Up to lower-dimen- 
sional subvarieties (the fixed point sets of .Y E G/PK), the natural projection 
map 7~~: X -+ X/G is a # (G/PK)-to-l covering. This provides geometric 
motivation for (6b). It also makes clear the role of the assumption that A 
be an integral domain (so X has only one irreducible component for us to 
worry about). 
(b) If A = P(V) is the algebra of polynomials on a vector space V, 
then the theorem is a fairly direct consequence of Molien’s formula [S]. 
However, the theorem has applications when A is not a polynomial ring 
[Hl, H2]. 
Proof. It is clear from (5~) that AZ = 0 unless m is divisible by #(PK); 
and if m = j”(PK), then PK acts trivially on A,,. On the other hand, sup- 
pose g E G-PK. Then for some m, g does not act as a scalar on A,,. 
Without loss of generality we may assume k is algebraically closed. So we 
can find x,, x2 E A,, eigenvectors for ct( g) with distinct eigenvalues: 
r(g) x, = Q,, 2, f il. 
By considering monomials .$.ut, we see that g does not act as a scalar on 
A,,, for any integer j 3 1. Thus G/PK acts faithfully on the subalgebra 
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C,“=* A,,. It follows from this discussion that we can reduce the proof of the 
theorem to the case when PK= (13, i.e., only the identity element of G acts 
by scalars. 
So assume PK is trivial. Let a,J g) denote the restriction to A, of x(g), 
g E G. The Schur Orthogonality Relations [B] tell us that 
dimA:= “(G)- ’ C k%,(g). 
,g tG 
(7) 
Here tr a,,(g) denotes the trace of the Linear transformation ct,( g). Clearly 
tr IX,( 1) = dim A,. Hence to prove the theorem, it suffices to show that, for 
gfl, 
tr a,(g) = o ~. 
!%, dim A,, (8) 
For g E G, of order O(g), the possible eigenvalues of g are the O(g)th 
roots of unity. For w an O(g)th root of unity, let A,(g, w) be the 
w-eigenspace for x,(g), so that 
(9) 
is the eigenspace-decomposition for n,(g). Since al(g) is an automorphism 
of A, the decomposition of A,,, into the A,(g, w) is consistent with 
multiplication: 
A,&, w,) A,(g, YZ) r A,,+,& ~1 u’z). (10) 
Since A is a domain we may conclude from (10) that 
dim A ,+,k wl 4 3 maxidim A,(g, w,), dim A,(g, w2)] (11) 
providing both A,( g, w,) and A,(g, w2) are non-zero. 
Repeated application of ( 11) shows that, for any I> 0, if rn = O(g)E, then 
the spectrum of a,(g) contains the full group generated by st-i, for any 
s, t in the spectrum of ctt( g). Further use of (1 I) shows that if cl,;(g), 
i= 1,2, contains the group ci in its spectrum, then the spectrum of 
a m, + ,,Jg) contains the group ci c2 generated by c, and c2. 
Since we assume PK is trivial, the ratios st-‘, for s, I eigenvalues of some 
a,(g), must generate the full group of O(g)th roots of unity. By the 
arguments of the preceding paragraph, there is an m such that a,(g) 
contains all O(g)th roots of unity in its spectrum. We call such an E,,,(g) 
spectrally complete. 
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Fix m, such that cc,,(g) is spectrally complete. Another application of 
(11) shows that if A,# {0}, then !x,+,,Jg) is spectrally complete also. It 
follows that a,(g) is spectrally complete for all sufficiently large m. Finally, 
we conclude from (11) that if ~1, and u,, are spectrally complete, then 
dim A m+n(g, wl)3dim A,,(g, ~‘~1 (12) 
for any O(g)th roots of unity w,, u’*. Summing over )vz gives 
dim A ,+,(g, M:l)>O(g)-m’ dim A,,. (13) 
From the basic theory of graded algebras [AM], we know we can write 
for all sufficiently large m, 
d 
dim A,,, = c ck(m) mk, 
k=O 
(14) 
where the coefficients c(m) are periodic functions of m; that is, 
ck(m + p) = ck(m) for some fixed integer p. Here d is understood to be the 
largest integer for which ck(m) is not identically zero. Since A is an integral 
domain, we know that 
dim A,,, >, max{dim A,, dim A,,} (15) 
provided A, # (0) # A,,. (This is the specialization of (11) for g = 1.) The 
combination of (15) and (2) implies that A, # (0) for all sufficiently large 
m. This combined with (14) and (15) implies that cd(m) = cd is constant. 
Thus ( 14) implies 
lim dim A, 
m-z 7=cd. 
From (16) we can conclude that for any fixed n, 
lim dimA,+, 
m-X’ dim A,, 
= 1. 
From ( 17) and ( 13), we can conclude 
lim inf dim A,&, ~1 
dim A,,, 2 O(g)-’ m-E 
(16) 
(17) 
(18) 
for any O(g)th root of unity W. But since 
dim Am=1 A,(g, w) 
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it follows that 
lim dim A,,,k, w) 
dim A, 
= O(g)-‘. 
m - % (19) 
Thus finally we have 
tr cbk) -= lim 
,??% dim A, m+ 2 
dim Ah, w) 
dim A, 
=o(g)-~l 1 w =o. 
( > 
Thus the theorem is proved. 
Remark. In fact, our proof demonstrates the following stronger result, 
which perhaps expresses better what is going on than does the main 
theorem. 
If G is a finite group, and HE G is a subgroup of the center of G, and x 
is a character of H, we call the representation 
pGiN,% = px = indz x (20) 
of G induced from x on H the X-regular representation of G. Just as the 
usual regular representation p = pG, / i ), , satisfies 
p@o=(dimo)p (21) 
for any representation o of G, the X-regular representation satisfies 
px 0 0 = (dim ~1 pxy, (22) 
providing 0 is a representation of G which restricts to H as a multiple of 
the character x, of H. 
Let R(G) be the representation ring of G. We know [B, Sect. 201 that 
R(G) has a Z-basis consisting of the irreducible representations of G. 
Furthermore, there is a natural inner product in R(G) for which the 
irreducible representations are orthonormal. 
COROLLARY (of (7)). Retain the notation of the theorem. Then 
dim CI, 
am- #(G/pK) PG/PKxm II 
= o(dim a,). (23) 
Here ((dim %d/#(G/pK)) PG/PK,&, is regarded as an element of R(G) @ Q, 
and /I I( is the norm on R(G)@ Q associated to the natural inner product 
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R(G). Also, bye use the “little-oh” notation: o(dim ‘xM) indicates a ,function of 
m which, when divided bq’ dim M,,,, approaches zero as m + OS. 
Speaking loosely, (23) says that, up to lower-order terms, the represen- 
tation 2, of G on A,,, is a multiple of the X,-regular representation, for 
large m. 
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